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1. INTRODUCTION 
In this paper, we shall be concerned with the existence and bifurcation of positive solutions for 
the following equation: 
-A+ = Xh(z, U) + f(z, u), in 0, 
u = 0, on dR, (1) 
where R is a bounded domain in RN with smooth boundary, A,u := div(]Vu.l”-2VU) is the 
p-Laplacian with 1 < p < N, X > 0 is a real parameter and h, f E C(n x JR+, IR+) satisfying some 
conditions to be specified later. 
The existence and bifurcation of positive solutions for equation (1) with h(z, U) = UP-~ and f 
being the subcritical case has been considered by several authors, e.g., [l-3] and references therein. 
When h(z,u) = ~“-l with 1 < Q < p, the existence of positive solutions of equation (1) has 
been studied in [4] for f being the subcritical case, and has been considered in [5] for f being 
the critical one. In this paper, we shall deal with existence bifurcation of positive solutions for 
equation (1) with h(z, U) # up-l. We obtain the following. 
THEOREM 1. Suppose that f satisfies (fo) and (fi) below: 
f(z, s) i /Mu-1 + v(z), in 0 X R+, 
for some constants p > 0, g E (l,p*), and 0 5 V(Z) E L”(R); 
0 < limsup 9 < b < +oo, _ - a.e., in Cl, 
S-+0 
Lfo) 
(.fl) 
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where p < /3 < p* and b is a constant. Assume that h satisfies 
h(z, s) 5 W-l + K(X), in R x lR+, 
for some constants Q > 0, 6 E (l,p*), 0 5 K(Z) E LOO(R), and 
0 < c 5 liminf hO _< +c3,, 
s-0 s-t- 1 
a.e., in R, (hd 
(110) 
where c is a constant and 1 < y < p. Then equation (1) has a branch of positive solutions 
bifurcating from zero at X = 0. 
THEOREM 2. Suppose that p < 0 < p*, f satisfies 
liym ~ = f(?S) o 
sP-l ’ 
a.e., in R, Lfd 
and h satisfies 
lim ho = d > 0 
5’103 so-1 
a.e., in 0. (hz) 
Then there exists X, such that equation (1) has positive solutions for all 0 5 X 5 X,. Moreover, 
there exists a continuum of positive solution of equation (1) bifurcating from infinity at X, = 0. 
2. NOTIONS AND PRELIMINARIES 
LetX:=(uEC(Q;u=O on dR} with norm of ]\uJJ = JuJ,. Denote P := (U E X; ~(5) > 0, 
a.e., in Q}, Tl := {u E X; 11uj[ < 1}, 5’1 := {u E X; llull = l} and Pl := P f’ Tl, 3Pl := P n Sl 
for 1 > 0. Define GA(U) = (-A;‘)(Nl(s,u) + f(l~,u)), w h ere h and f are in equation (1). 
We first need to show that GX maps P to P. Our argument is borrowed from [6] where it appears 
in the proof of Proposition 2.2. For each u E P, let GA(U) = h, that, is, -A,h = (Xh(z,,u) + 
f(z,~)). It follows that s* -A,h . ‘u = Ja(Xh(Z,u) + f(z,u))u for all v E X. In particular, 
taking ‘u = h- = max{-h, 0}, we have & IVhlp-‘Vh. Vh- = &(XA(E, u) + f(z, u)) h-, which 
yields that -jlVh_llF = /*(Xh(s, u) + f(z,u)) h- > 0. It implies by Sobolev’s inequality that 
J/h-I), = 0 and then h 2 0 a.e. in R. 
By a solution of equation (1) we understand a pair (X, u) E Rf x P satisfying equation (1) in the 
weak sense. With this notation, we may rewrite equation (1) as the operator equation GA(U) = U, 
u E P. 
We say that X0 is a bifurcation from zero for equation (1) if there exist pn + X0 and u,, E P 
such that (p,,u,) satisfy equation (1) weakly and 0 # u, + 0 in X. We say that X, is a 
bifurcation from infinity for equation (1) if there exist ,u~ -+ X, and ulL, E P such that (LL,, Us) 
satisfy (1) weakly and l/u,/) ---f co. 
Let A be a compact mapping from X to X*, P a closed convex subset of X, it is a retra.ct 
of X. Let U be a bounded open subset of P. If Au = u has no solution on dU, that is, A has 
no fixed point on 3U then according to Amann [7, Section 111, the fixed-point index i(A, U), 
where i(A, U) = deg(id - A 0 p,p-*(U),O) and p : X --f IP is an arbitrary retraction, is well 
defined. 
The index i(d, U) has the following properties which are an immediate consequence of the def- 
inition of i(A, U) aud the corresponding properties of the fixed-point index; see, for example, 171. 
PROPOSITION 1. 
(i) If q E U, then the constant mapping Au E q has index i(A, U) = 1. 
(ii) If i(d, U) # 0, then equation (1) has a solution u E U. 
(iii) For every open subset V c U such that equation (1) has no solution in g\V, then 
i(d, U) = i(d, V). 
(iv) 
(4 
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For every pair of disjoint open subsets U1, Uz of U such that equation (1) has no solution 
on U\(Ul u Uz), then i(d, U) = i(d, VI) + i(d, UZ). 
For every compact interval I and every compact homotopy ?t : I x ?? + X” SUCII that 
the equation 3_I(t, U) = u has no fixed point for (t, U) E I x XJ, the index i(X(., u), U) is 
independent oft E I. 
3. PROOFS OF THE THEOREMS 
Before proving the theorems, we give some lemmas. 
LEMMA 1. Suppose that f satisfies (fo) and 
0 < a 5 liminf y < +c0, 
s-0 _ 
a.e., in 0, (.fd 
where 1 < CY < p and a is a constant. Let 3(u) := -A;‘f(x,u). Then there exists r1 > 0 suck] 
that for all 0 < r < rl, 
i(3, Pr,) = 0. (‘4 
PROOF. Let X1 be the first eigenvalue of the equation 
-A+ = Aup-‘, in fi, 
u = 0, on aR, 
(3) 
and (pl be the positive eigenfunction corresponding to X1. 
We first show that there exists ~1 > 0 such that for all t E [0, 11, 
-A+ # f(z, ~1 + MI, v’u E Pr,\{O}. (4) 
Otherwise, there exists {Us} C P, t, + t E [0, l] such that 0 # jj~,j) --) 0 and -ApuT = 
f(s, u,) +t,cpl. Since f satisfies (fo), by the regularity result (cf. (8,9]) and the strong maximum 
principle (cf. [lo]), we may assume that u, > 0 in 0. Letting v, := ~,/Iju,Il, it follows that 
Thus, for each E > 0 
-A+, >_ (Xl + E)IJ;-’ + 
f(G %) 
~/Iu,(j~--p - (X, + &)7$_” ?J,*-1. 
%l 1 
It follows from (fs) that there exists no large enough such that for all n > rj,“, -App~,, > 
(Xl + E)v~-‘. Notice that cp1 is the positive eigenfunction corresponding X1, which @ids that 
-A,(<cpl) I (Xl +~)(<vl)P-’ for all real number [ > 0. Choosing 60 > 0 so small that &,wl 5 u,,, 
we have 
-A+ = (Xl + ++, in R, 
u = 0, on Xl, 
has a solution U satisfying [oocpl 5 ii, 5 vn. Since E is arbitrary, this is a contradiction with the: 
fact that X1 is isolated (cf. [3,8]). So (4) holds. 
Assuming 0 < r < ~1, it implies from the above that (4) remains valid VU E ap,. Letting 
A(t,u) = (-A,‘)(.f(., U) +tcpl), it is clear that A is compact. It follows from (v) of Proposition 1 
that 
This gives (2). 
i(F, PT) = i(d(0, .), P,) = i(d(1, .), P,) = 0. (5) 
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LEMMA 2. Suppose that f satisfies (fc) and (fl). Let 3 be as in Lemma 1. Then there exists 
r2 > 0 such that for all 0 < r < r:! 
i(F, P,) = 1. (6) 
PROOF. We claim that there exist rg > 0 such that for each r : 0 < r < rz and t E [0, l] 
-A+ # tf(z, u), Vu E ap,. (7) 
If not, then there exist U, E P and t, E [0, l] such that 0 # //un// + 0 and -Apu, = tnf(z,un). 
Denote w, by u,/]/u,/]. Then 
It implies from (fl) that the -Apw, -+ 0 as n -+ co and then w, + 0, which contradicts with 
the fact that ]]w~]] = 1. So (7) follows. 
Letting B(t, U) = -A;‘(tf(.,U)), we get 
i(B(1, .), Pr) = i(B(0, .), Pr) = 1, kfr:O<r<rs. 
Hence, (6) holds. 
LEMMA 3. Suppose f satisfies (fs),(fr) and 
f (5, s) 
3 EO > 0 such that ljn$ninf sp-l 2 x1 + Ed, a.e., in R, (f4) 
cohere X1 is the first eigenvalue of (3). Then equation 
-4,~ = f (x, u), in 0, 
21 = 0, on dR, (8) 
has positive solution. 
PROOF. By Lemma 2, we obtain t,hat there exists r-3 > 0 small enough such that i(F, P,.,) = 1. 
We will show that there exists r4 > 0 so large that for each fixed E : 0 < E < EO 
-A,u # (1 - t)f (x, u) + t ((Xl -t- E)u~-’ + PI) , VJt E [O, 11, u E ap,,, (9) 
where ~1 is the positive eigenfunction corresponding to the first eigenvalue X1. If not, there 
exist U, E P and t, E [0, l] such that /)u,]] + co, t, + to E [O,l], 
-Apun = (1 - t,)f (xc, un) + t, ((XI + &)up,-’ + cpl) . 
Letting z, := u,,/]]u~]], using condition (fd), we get, for n large enough, that -A+, 2 (Xi + 
&)z,P,-‘. Applying the argument in the proof of Lemma 1, we reach a contradiction. Therefore, 
(9) holds. Let 
C(t, u) := -A,’ [(l - t)f (x,u) + t ((Xl + &)up-’ + pl)] 
So i(L(0, .), Pr,) = i(,C(l, .), Pr,). It is easy to see that the index i(C(1, .), Pr,) = 0. By (ii) 
and (iv) of Proposition 1, the conclusion follows. 
Now we prove our theorems. 
PROOF OF THEOREM 1. Set f*(z, U) := h(z, U) + f(qz), then lim infs+c f *(x, s)/(sY-l) > c. 
It is clear that f * satisfies the conditions of Lemma 1. Let .F* (u) = -Ai' f *(x, u). It follows 
from Lemma 1 that there exists rs > 0 such that Vr : 0 < r < r5, 
i(F,PT) = 0. (10) 
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Since : 0 < I’ < rG 
i(F, Pr) = 1. (11) 
Taking ~0 = min{r5,rG} and setting X(I(x,u) := -A;‘(Xh(z,u) + f(~,u)), it implies from (lo), 
(ll), and Property (v) of Proposition 1 that for all Y : 0 < T < TO, there exist, X,. E [O; l] 
and u, E aP, such that ur = 8(X,, 2~~), i.e., 
-A+, = X&(X, 11,) + f(z, ,~1~). 
Notice that lluTlj + 0 as T + 0, we may assume that X, + X0 as 7’ + 0. We complete the proof 
by showing X0 = 0. If X0 # 0, then for each E > 0, wV := u,/jjuTII satisfies 
-ApwT = (A, + E)w;-l + II7#--p - (Xl + E)7lp 71p. 
1 
Using the same arguments in the proof of (4), we reach a contradiction and then X0 = 0. 
PROOF OF THEOREM 2. Letting w = tu with t O--P = X, we know by a direct, calc~~lation 
that (X,u) (X > 0) is a solution of equation (1) ‘f I and only if (t? W) is a (weak) solut,ion of 
the equation 
-A,w = F(z, t, w), in 0, 
w = 0, on dfl, 
(12) 
where 
F(x,t,w) = 
t > 0, 
t = 0. 
It follows from (f;?) and (hz) that 
so, F(x, t, w) is continuous for t > 0. 
Let &(t,w) = -A;‘F(z, t, w). Similarly as in the proof of Lemma 3, we obtain t,hat t,here 
exist 0 < r7 < ~8 < 00 such that i(&(O, .), Pr,) = 1, i(Q(0, ,), PTg) = 0, and moreover, 
-A,w # dw”-‘, VW E LIP,,. (13) 
We claim that there exists tl such that for all t : 0 < t < tl 
VW E ap,, 
If not, there exist w, E ap,, and t, -+ 0 (as n + co) such that 
-A pw, =t:-lh (x,:) +t;-‘f (x,?!q), 
(14) 
(15) 
It follows, passing to a subsequence, that w,, + ‘~0 E aP,,. Hence, by (f~). (/lz), and (15), 
-A,wo = dwf-I, which contradicts with (13). Consequently, (14) holds. 
The same argument above shows that there exists t2 > 0 such that for all f : 0 < t < t2 
-A,w # to-‘h 
( > 
x,; + F’f (x, ;>, VW E ap,,. (16) 
It follows from (14), (16), and (iv), (v) of Proposition 1 that for all t : 0 < t < to = min{tl. tz}, 
i(Q(t, .), PT,\PT,) = -1, that is, there exists X, := tfwp such that equation (1) has a nontrivial 
solution ux for all 0 < X 5 X,. Since us = WA/t, X = topp and llwx /I > 17, we finally get )I llx /I + cc 
as X + 0. This completes the proof. 
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